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Additive linear regression modelling

Consider linear regression model with additive effects structure:

k
E(ylz) =n(x) = fo+ Zfz‘(ﬂ?z')
i=1

= How to choose the transformations f; ?

(Automatic)

parametric (Manual)
Nonparametric nonlinear ad-hoc Assumption
smoothers modelling  transformations  of linearity
flexible ° ° ° °
e.g. splines e.g. Fractional e.g. classic just

Polynomials polynomials  fi(z;) = Bz

simple
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Fractional Polynomials (Royston and Altman 1994)

fi(zi) = f(zi; 00, p;)

Degree m;, is the number of
powers in the power vector p; = (pi1 < -+ < piy,, ) from
the set S = {—2,-1,—3,0,1,1,2,...,max{3, m,}}.

are in the vector e R,

‘U’ e 6 o6 o

Encompasses classic polynomial powers, e. g.
p;=(1,2) = fi(z) = anm + aipa?
= Offers reciprocals, square roots and logarithm, e. g.
pi = (—1,—3,0) = fi(zm:) = i1 /mi + cvin//Ti + vz log ()
= Allows “repeated powers” with logarithm products, e. g.
p; =(-2,-2) = fi(x;) = Ozil/:l:i2 + ;9 log(ar;i)/a:i2 ) vy e



The special linear model for one observation
Rewrite as a special linear model:

k
n(x) = Bo+ Y flxi;on,p,)

1=1
k
= (o + Z hi(z) T o
=1
= Bo + b4 Be-

hi(z;) € R" is the design vector determined by p,.

0 = (py,...,p;) indexes the models,

po = dim(0) = Zle m; is the model dimension.

bg = (hl(:L'l)T, ceey hk(Lk)T)T € RPe,

50 — ((YI T, o T)T c RPo. 7 University of Zurich



The special linear model for n observations

For n observations collected in D = {y;, z;}7_;
we can write

Y= 1,50 + BO/GG +e

e £ ~ N, (0,0%I,) is the vector of iid errors.

@ By € R™*Pé is the design matrix,
a column-centered version of (bg, ..., bpe)"
= [Jy is a common parameter of all models 8 € ©.
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Bayesian inference plan

@ Choose prior for parameters €9 = (B9, Ba, 72, g) in model 8:

f(&a16) = f(Bo)f(Balo?, 9)f(a)f(g).

@ Likelihood for the parameters is normal:
[(D]£6,0) = Nu(y| 1n50 + BoBa, 0”1 ,).

© Compute "marginal likelihood” of the model 6:
f(D!9)=/_ f(D €9, 0)f (&0 | 0) dEo.
Eo

© Choose prior model probabilities f(8).
© Posterior model probabilities are then

IR0 1p)6)s6).

(2] =
f( | D) f(D) \:w University of Zurich



Hyper-g prior f(&g | @) for model parameters

o Jeffreys' prior on 02 > 0:
f(o?) x1/0?
e Flat prior on 5y € R:

f(Bo) 1
@ g-prior on B¢ € RP¢ (Zellner 1986):
Bolo®, g~ Ny, (0,0 (BgBo)™")
@ (Hyper-)Prior on covariance factor ¢ > 0 (Liang et al. 2008):
g
g+1
= Avoids manual choice of shrinkage parameter g

= Several desirable asymptotic properties )
= Closed form for marginal likelihood f(D|0) () universtyofzrich

~Be(1,2 1), a€(3,4]



Shrinkage prior f(0) on the model space

Assume for the prior model probabilities f(6):

@ FP powers of different covariates are independent:

f(0)=f(py) x - X f(py)

@ For the ith covariate, each degree 0 < m; < Mynas
is equally probable

© Given the degree m;, each combination of powers p, € "
is equally probable = f(p,)

= Null model 8, with pg . = 0 has highest prior probability:

F(Onu) = 1/ (Minaz + 1)*.
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Model inference

Problem:
@ Model space ® gets very large for k > 5
® eg Mpe=2k=5=|0]=(1+8+36)° =184528125
= Exhaustive exploration of f(6|D) not feasible!

Solution:

© Sample from the distribution f(0 | D) using
a special Markov chain Monte Carlo (MCMC) algorithm.

@ Interpret the as an estimate
© Take the maximum a posteriori (MAP) FP model Omap,
@ and/or do Bayesian Model Averaging (BMA) with weights

]AC(H ‘ D) X f(D | O)f(0)7 0 € w:yitv University of Zurich



Monte Carlo parameter estimation

@ After the model sampling, estimate the parameters
(across models) by Monte Carlo.
@ Forl=1,...,Ldo:
@ Draw 0 from f(0|D).
© Sample the model parameters &g :
© Draw ¢!/ |0[l],D using inverse sampling
@ Draw B([]l],ﬂ[” [ gl , 0" D from Student t distributions
© Draw o2l |_q—”, 0”], D from inverse gamma distribution
@ Often impractical to include whole © in the BMA
= use smaller subset @'°<!

@ Posterior inference in the MAP model by setting ol = éMAp.
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Automatic variable and transformation selection

o If p, =0 = z; is not included in the model
=- Estimate posterior variable inclusion probabilities

t; =P(z; included | D) = Y f(0|D)
0c©:p,#0

@ Given the inclusion of z;, look at FP curve uncertainty
(possibly averaged across models):
© At a grid of z;-values and for all samples [ =1,...,L,
calculate the ordinate

l l ! l
fi(2) :f(;z:,;ag],pg]) = hg](fzr,)Tag]

@ For each grid point z;, we can compute mean/quantiles or
(pointwise) highest posterior density intervals for f;(z;).

© We can also compute simultaneous credible bands for the
transformation f;. {0 universiy of i



Application: Ozone data (Breiman and Friedman 1985)

Variable  Description Missing  Shift v;  Scale ¢;
y Maximum 1-hour average ozone level [ppm] 5 - -
20 Day of the year - 0 100
24 500 millibar pressure height [m] 12 0 10000
25 Wind speed [mph] - 1 10
26 Relative humidity [%] 15 0 100
27 Temperature [°F] 2 0 100
28 Inversion base height [feet] 15 0 1000
29 Pressure gradient [mm Hg] (LA to Daggett) 1 70 100
210 Visibility [miles] - 2 100
211 Inversion base temperature [°F] 14 0 100

e Data from the 366 days of 1976 in the Los Angeles basin

@ Preprocessing of covariates: z; := (z; + ;) /(;

@ Exclude 30 observations as a test set = n = 300

@ Set Mgz = 2 and a = 4 for hyper-g prior i
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Model and variable uncertainty results

@ 1000000 iterations, |©| = 907986, top 3000 saved = @<
@ 11 minutes on a 2 GHz laptop using the R-package bfp

= Posterior variable inclusion probabilities ( and local):

Variable: ) T4 5 6 7 8 9 10 11

: 1.0000 0.5758 0.2629 0.8447 0.9994 0.7039 1.0000 0.9991 0.0886
flocal 1.0000 0.3812 0.1692 0.8767 1.0000 0.7567 1.0000 1.0000 0.0595

= Top ten models do not include z4, x5 and z11:

No.  f(6|D) ftreq (6 | D) Po Psé Py P8 P9 Pio
x10% x10%

1 2274 0.75 L1 1 3 2 3 -0.5, 0

2 2168 0.33 1,1 05 3 2 3 0.5, 0

3 1853 0.87 1,11 3 2 3 -0.5, -0.5

4 1810 0.69 L1 1 3 3 3 0.5, 0

5 1752 0.15 1,1 05 3 3 3 0.5, 0

6 16.19 0.13 L1 1 3 2 3 1,0

7 1574 0.16 1,1 05 3 2 3 1,0

8 1544 0.43 1,1 1 3 3 3 0.5, -0.5

9 1540 0.08 1,1 05 3 3 3 -05,-05
10 1531 0.10 L1 0 3 2 3 -0.5,0 7 University of Zurich




FP curves in the MAP model Oyap

ao12p + aozap log (1)

Q61 %6

=

N
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Compare: FP curves in the BMA over @<

BMA of f(x; o, py)

BMA of f(5; o6, )

sample size: 30 00q

sample size: 26 374
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Outlook: Extension to Generalized Linear Models (GLMs)

e Consider a (non-normal) GLM with fixed dispersion ¢.
@ The linear predictor n(x) is modelled by FPs.

@ We stick to the g-prior on g,
and allow any hyper-prior

@ Problem: No available with closed form for f(D|0) !
= Solution: Use (nume[ical) integrated Laplace approximation to
get (fast) estimates f(D|6) (Rue, Martino, and Chopin 2009)
@ Tuning-free MCMC algorithm for parameter estimation
after the model search

= Estimates fuucmc(D|0) (Chib and Jeliazkov 2001) as
byproducts for checks of f(D|80)

(€% University of Zurich



Discussion

Details are in the paper (Sabanés Bové and Held 2010).
° the from R-Forge is
install.packages("bfp", repos="http://R-Forge.R-project.org")
@ Root mean squared prediction errors on the test were:
MAP (3.512) < BMA (3.571) < mfp (3.579),
but how good are the predictions in general?
@ No sensitivity of results to choice of a
in the recommended range a € (3,4].
@ pg < n—3— ais required for proper posteriors.
@ Rerun model search to check if number of iterations suffices.

@ Other stochastic search algorithms may be useful.
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